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ABSTRACT
Finite element modeling framework based on cohesive damage modeling,
constitutive material behavior using user-material subroutines, and extended finite
element method (XFEM), are developed for studying the failure behavior of continuous
fiber-reinforced ceramic matrix composites (CFCCs) by the example of a silicon carbide
matrix reinforced with silicon carbide fiber (SiC/SiCf) composite. This work deals with
developing comprehensive numerical models for three problems: (1) fiber/matrix
interface debonding and fiber pull-out, (2) mechanical behavior of a CFCC using a
representative volume element (RVE) approach, and (3) microstructure image-based
modeling of a CFCC using object oriented finite element analysis (OOF). Load versus
displacement behavior during a fiber pull-out event was investigated using a cohesive
damage model and an artificial neural network model. Mechanical behavior of a CFCC
was investigated using a statistically equivalent RVE. A three-step procedure was
developed for generating a randomized fiber distribution. Elastic properties and damage
behavior of a CFCC were analyzed using the developed RVE models. Scattering of
strength distribution in CFCCs was taken into account using a Weibull probability law. A
multi-scale modeling framework was developed for evaluating the fracture behavior of a
CFCC as a function of microstructural attributes. A finite element mesh of the
microstructure was generated using an OOF tool. XFEM was used to study crack
propagation in the microstructure and the fracture behavior was analyzed. The work
performed provides a valuable procedure for developing a multi-scale framework for
comprehensive damage study of CFCCs.
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1. INTRODUCTION

Ceramic matrix composites (CMCs) are widely used in high temperature
structural applications because of their lightweight and greater resistance to high
temperature aggressive environments compared to metals or other engineering materials.
Monolithic ceramics are inherently brittle, sensitive to process and service related flaws.
These materials have high strength but low toughness often leading to catastrophic
failures. Continuous fiber reinforced ceramic composites (CFCCs) have higher toughness
and fail ‘gracefully’. These materials have the ability to deform nonlinearly with applied
load and show notch-insensitive strength behavior. The nonlinearity results from
formation of matrix cracks, circumventing cracks around fibers, and fiber/matrix
interface debonding. Unlike conventional monolithic ceramics, CFCCs can take more
loads even after matrix failure. CFCCs can effectively redistribute stresses around
notches, voids and cracks, thereby, increasing toughness of the material.
Toughness is an important factor complimenting the mechanical behavior of a
CFCC and is dependent on the collective behavior of all constituents. In a metallic
material, the toughness is governed by its ability to absorb energy by plastic deformation.
Unlike metallic materials, the toughness behavior of CFCCs is from work of fracture
required for,


matrix failure – crack initiation and crack propagation



fiber failure – fiber breakage



fiber pull-out under frictional effects, and



fiber/matrix interface debonding
Fiber/matrix interface is an important constituent in controlling the toughening

mechanism of CFCCs. When the matrix cracks under application of an external load, the
crack propagates and deflects into the fiber/matrix interface. Two things are likely to
occur when the crack approaches the interface. The crack can either deflect into the
interface or break the fiber. The former mechanism occurs when the interface is weak and
the later occurs with a stronger interface. When a ‘weak’ interface is used the crack
deflects into the interface, owing to its low strength and fracture toughness compared to
the fiber. This process allows more work to be spent in propagating the crack through the
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weak interface. During this whole process, the fibers in the CFCC, adjacent to debonded
interface, can still contribute to load carrying behavior. Only after sufficient debonding
has occurred, the fiber breaks and pull-out occurs. The frictional sliding during fiber pullout increases the work of fracture. The crack propagates into the adjacent matrix and the
process repeats until complete failure of material. Finite element modeling of RVE’s has
been conventionally done using fiber and matrix constituents only and ignoring the
fiber/matrix interface. A perfect bond between the fiber and matrix was assumed by many
researchers. However, the interface will have a significant impact on determining the
mechanical properties of a CFCC and is explicitly modeled in this work.
In the current study, the mechanical behavior of a CFCC was studied in three
different problems – mechanics of fiber pull-out, mechanical behavior evaluation using
an RVE, and XFEM based failure study in a CFCC microstructure. Effect of interfaces
was considered in these micromechnical models. Advanced numerical methods for crack
initiation and propagation such as cohesive damage modeling and XFEM were used to
study damage behavior in the microstructures.
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2. LITERATURE REVIEW

Micromechanical modeling approaches predict overall behavior of the material
from known properties of reinforcing and matrix constituent phases. Birman and Byrd [1]
have provided an extensive review of damage in ceramic matrix composites. Lissart and
Lamon [2] and Curtin et al. [3, 4] have provided a comprehensive study on damage
behavior in unidirectional ceramic matrix composites. The statiscal variability of
strengths in fibers and matrices, matrix cracking, effect of interface, and fiber failure
were discussed in detail in their work.
Representative volume element (RVE) based micromechanical approaches are
widely used for micromechanical modeling of composite materials. Sun and Vaidya [5]
have detailed the procedure for determining composite properties from RVE. The authors
have indicated that ‘plane-remains-plane’ boundary conditions are over-constrained
boundary conditions. The effective determination of transverse shear modulus, unlike
transverse Young’s modulus, requires application of appropriate boundary conditions.
This issue has been addressed by Xia et al. [6], Sun and Vaidya [5], and Li [7]. Finite
element analysis has been used as a framework to conduct micromechanical analysis of
composite materials by several researchers. Finite element RVE models are used to
determine mechanical properties and also to study damage mechanisms of composites. Li
[7] has applied finite element micromechanical models to unidirectional laminates and
Xia et al. [8] have developed models for cross-ply laminates.
Cohesive damage modeling approaches can effectively model damage initiation
and evolution using traction-separation laws. The use of cohesive elements in finite
element RVE’s has been explored by few researchers. Mishnaevsky and Brondsted [9]
have used a cohesive damage modeling approach to investigate mechanical behavior and
damage evolution of glass fiber reinforced composites. The authors have developed a
code for automatic generation of 3D micromechanical unit cells of composites with
damageable elements. The statistical variability of fiber strength, fiber/matrix interface
debonding and other features have been embedded into the code. Numerical experiments
have been conducted using the generated unit cell models to investigate different fiber
packing geometries.
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Experimental evaluation of interfacial properties in fiber reinforced composites
using fiber pull-out tests has been investigated by several researchers [10-15]. However,
analytical/numerical modeling of fiber pull-out tests has gained popularity subsequent to
experimental testing due to cost and time saving advantages. Several theoretical models
have been developed to predict the load-displacement behavior of fiber pull-out tests and
the inherent interfacial properties [10, 16-19]. Stang and Shah [16] have proposed a
simple model to predict the ultimate tensile strength of fiber-reinforced composites when
the failure is governed by fiber debonding. Gao et al. [17] have studied the fiber/matrix
debonding problem using a simple shear lag model, which includes friction at a debonded
interface and Poisson contraction of the fiber. The authors have observed interfacial
friction to have a significant effect on the debonding behavior. Further, the loaddisplacement relationship has been modeled in terms of interface toughness and frictional
parameters of the interface. Hsueh [10] analyzed the non-linear dependence of stresses
required to debond the fiber/matrix interface and for fiber pull-out as a function of
embedded fiber length for a fiber-reinforced composite. The roles of residual clamping
stresses at the interface, and Poisson contraction of the fiber, have been taken into
consideration. Hutchinson and Jensen [18] have conducted a rigorous study on fiber pullout of a fiber embedded in a brittle matrix and developed approximate closed form
solutions. Residual compressive stresses acting across the fiber/matrix interface, a
constant friction stress independent of normal compression across the interface, and
coulomb friction have been considered in fiber debonding and pull-out models. Kerans
and Parthasarathy [18] have developed fiber pull-out and push-out models to predict the
load-displacement behavior in terms of the fiber/matrix interface parameters. The authors
have found residual axial strain in the fiber to have a significant effect on fiber debonding
and also included fiber surface topography in their model. The authors have suggested a
methodology to extract interface parameters from experimental data.
Finite element modeling has been widely used to simulate fiber pull-out and
understand various intricacies of the fiber/matrix interface debonding process [20-23].
Beckert and Lauke [20] have developed a comprehensive finite element model using a
fracture mechanics debonding criterion to simulate the interface failure process of a
single fiber pull-out test. The authors have made special emphasis on the local mixed-
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mode load at the interface. Liu et al. [21] have developed finite element simulations for a
single fiber pull-out process and obtained solutions for fiber axial stress, fiber
displacement, and applied pull-out stress versus fiber displacement. The authors have
adopted local shear strain criterion as the criterion for interface debonding. The effects of
fiber pull-out rate, thermal residual stress, friction coefficient, and fiber volume fraction
have been evaluated. Sun and Lin [22] have conducted parametric studies utilizing a fiber
pull-out problem that includes a varying stiffness ratio for the fiber and matrix, and
irregular fiber cross-sections. Wei et al. [23] have developed finite element models to
investigate the interface shear stress distribution, and effects of shear stress transfer
across the interface on interface debonding behavior.
The failure analysis of heterogeneous materials, accounting for damage initiation
and evolution, has been explored by many researchers [24-30]. Advanced numerical
methods have been developed to introduce an arbitrary discontinuity in the models for an
effective analysis of material failure [30-33]. Cohesive damage models, based on
traction-separation laws, were developed for simulating damage initiation and evolution.
However, cohesive models require prior knowledge of crack paths. Numerical methods
on treating arbitrary cracks without any prior knowledge of crack paths were first
developed by Belytschko et al. [29, 32, 33, 34]. Crack tip enrichments were introduced
for enhancing the nodal degrees of freedom, for effective description of element
discontinuity displacement. This method is called as the extended finite element method
(XFEM).
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3. SCOPE AND OBJECTIVES

This dissertation comprises three papers corresponding to the following problems.
The first paper is titled “Modeling of Fiber Pull-Out in Continuous Fiber
Reinforced Ceramic Composites using Finite Element Method and Artificial Neural
Networks.” In this paper, finite element models for the debonding of a silicon carbide
fiber (SiCf) embedded in silicon carbide matrix (SiC) are developed and analyzed. An
axi-symmetric finite element model is developed to simulate the single fiber pull-out
process and predict the load-displacement behavior in terms of fiber/matrix interface
properties. A two-parameter cohesive damage modeling approach is coupled with a finite
element model to simulate crack propagation during a fiber pull-out event. Parametric
studies are conducted to evaluate the effects of thickness of specimen, friction coefficient,
interface toughness, and residual stresses, on load-displacement behavior. An artificial
neural network model using a backpropagation algorithm is proposed to mimic the fiber
pull-out and also approximate load-displacement behavior. The developed finite element
and neural network models are validated using existing analytical models from the
technical literature.
The second paper is titled “Computational Study of Micromechanical Damage
Behavior in Continuous Fiber-Reinforced Ceramic Composites.” In this paper, a
comprehensive numerical analysis of micromechanical damage behavior in a continuous
fiber-reinforced ceramic composite (CFCC) is presented. A three-dimensional
micromechanical finite element modeling procedure is proposed for effective elastic
property estimation by the example of a composite consisting of a silicon carbide matrix
unidirectionally reinforced with silicon carbide fiber (SiC/SiCf). The effect of the
fiber/matrix interface on predicted elastic properties of the SiC/SiCf composite is
considered. Representative volume element (RVE) models are developed for a SiC/SiCf
composite with damageable interfaces. Statistically equivalent RVE models with
randomly distributed fibers are generated using a developed algorithm. The statistical
variability of fiber and matrix strengths is considered in developing RVE models and
assumed to follow a Weibull probability law. A user-material subroutine is developed to
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predict damage behavior in the RVE. The predicted uniaxial stress vs. strain behavior and
damage in the composite are discussed.
The third paper is titled “Microstructure Image-Based Multi-scale Modeling of
Fracture in Continuous Fiber-Reinforced Ceramic Matrix Composites.” In this paper, A
multi-scale modeling framework is developed for evaluating damage at the micro-level.
An actual fiber/matrix topology, based on a SiC/SiCf microstructure image, is used at the
micro-level. A finite element mesh of the microstructure is generated using a object
oriented finite element analysis tool. An extended finite element method, integrated with
cohesive damage modeling, is used to study crack propagation in the microstructure.
Finite element model validation using a baseline case study is discussed. The effect of
cohesive parameters of individual phases on stress-displacement behavior in the
micromechanical model is studied.
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PAPER
I. MODELING OF FIBER PULL-OUT IN CONTINUOUS FIBER REINFORCED
CERAMIC COMPOSITES USING FINITE ELEMENT METHOD AND
ARTIFICIAL NEURAL NETWORKS
V. Bheemreddy1, K. Chandrashekhara1,* L. Dharani1, and G. Hilmas2
1

Department of Mechanical and Aerospace Engineering
2

Department of Materials Science and Engineering

Missouri University of Science and Technology, Rolla, MO 65409

ABSTRACT

Finite element models for the debonding of a silicon carbide fiber (SiC f)
embedded in silicon carbide matrix (SiC) are developed and analyzed. An axi-symmetric
finite element model is developed to simulate the single fiber pull-out process and predict
the load-displacement behavior in terms of fiber/matrix interface properties. A twoparameter cohesive damage modeling approach is coupled with a finite element model to
simulate crack propagation during a fiber pull-out event. Effects of residual compressive
stress acting across the fiber/matrix interface, and residual axial strain in the fiber, on
fiber pull-out behavior are investigated. Poisson contraction of the fiber, which reduces
resultant radial compressive stresses at the interface and interfacial frictional stress, is
taken into consideration. Parametric studies are conducted to evaluate the effects of
thickness of specimen, friction coefficient, interface toughness, and residual stresses, on
load-displacement behavior. An artificial neural network model using a backpropagation
algorithm is proposed to mimic the fiber pull-out and also approximate load-displacement
behavior. A multilayer perceptron utilizing a nonlinear activation function is
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implemented in the neural network model. Analytical modeling and finite element
models are used to train and test the proposed neural network model. The developed
finite element and neural network models are validated using existing analytical models
from the technical literature.

1. INTRODUCTION

The mechanical behavior of continuous fiber reinforced ceramic composites is
dependent on its constituent properties – fiber, matrix, and fiber/matrix interface [1]. The
fiber/matrix interface can occur through a zero-thickness interface or an interphase region,
and is a surface across which there is a discontinuity in one or more material properties
[2]. In the former case, the interface is a common boundary between the reinforcing
fibers and the matrix and is involved in transfer of loads. In the latter case, the interphase
region constitutes an interfacial coating, is a finite volume region, enables proper load
transfer, and protects the fibers from the service environment. In either case, the
fiber/matrix interface is an unavoidable and inherent part of a composite [3, 4]. The
nature of the interfacial bond between the fiber and matrix plays a profound role on the
failure mechanisms in these composites. If the interfacial bond is strong, the oncoming
crack will propagate unimpeded through the interface and the failure of the composite
will occur catastrophically. On the other hand, if the interfacial bond is weak, the
oncoming crack can experience interface debonding, followed by crack deflection, crack
bridging, fiber breakage, and finally fiber pull-out. All these failure mechanisms lead to
enhanced fracture toughness of the composite and graceful failure.
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The characterization of an interface is a challenging problem. Several techniques
have been developed to determine the mechanical properties of the interface. Fiber pullout and push-out tests, which involve analyzing the response of a single fiber embedded
in a matrix, are often adopted to study these interface properties. The theoretical models
governing both test methods are similar, except that due to Poisson’s effect, lateral
contraction of the fiber is observed during pull-out tests while lateral expansion of the
fiber is observed during push-out tests. In the case of a single fiber pull-out test, the test
method of interest in the current study, a fiber embedded in a matrix material is pulled
out under axial tension. This leads to interfacial debonding initiation at the surface, where
the fiber enters the matrix and also the interfacial shear stresses are at a maximum [5].
For interfacial debonding to initiate, the applied stress on the fiber must overcome the
bonding strength between the fiber and matrix. Residual stresses exist in the fiber and at
the fiber/matrix interface due to thermal coefficient mismatch, and will influence the
interfacial debonding behavior. Hence, after initial debonding of the interface, further
debonding occurs when the applied stress exceeds the interfacial frictional stress. After
complete debonding, fiber pull-out occurs when the applied stress overcomes the
interfacial frictional stress along the total fiber length.
Experimental evaluation of interfacial properties in fiber reinforced composites
using fiber pull-out tests has been investigated by several researchers [6-10]. However,
analytical/numerical modeling of fiber pull-out tests has gained popularity subsequent to
experimental testing due to cost and time saving advantages. Several theoretical models
have been developed to predict the load-displacement behavior of fiber pull-out tests and
the inherent interfacial properties [5, 11-14]. Stang and Shah [11] have proposed a simple
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model to predict the ultimate tensile strength of fiber-reinforced composites when the
failure is governed by fiber debonding. Gao et al. [12] have studied the fiber/matrix
debonding problem using a simple shear lag model, which includes friction at a debonded
interface and Poisson contraction of the fiber. The authors have observed interfacial
friction to have a significant effect on the debonding behavior. Further, the loaddisplacement relationship has been modeled in terms of interface toughness and frictional
parameters of the interface. Hsueh [5] analyzed the non-linear dependence of stresses
required to debond the fiber/matrix interface and for fiber pull-out as a function of
embedded fiber length for a fiber-reinforced composite. The roles of residual clamping
stresses at the interface, and Poisson contraction of the fiber, have been taken into
consideration. Hutchinson and Jensen [13] have conducted a rigorous study on fiber pullout of a fiber embedded in a brittle matrix and developed approximate closed form
solutions. Residual compressive stresses acting across the fiber/matrix interface, a
constant friction stress independent of normal compression across the interface, and
coulomb friction have been considered in fiber debonding and pull-out models. Kerans
and Parthasarathy [14] have developed fiber pull-out and push-out models to predict the
load-displacement behavior in terms of the fiber/matrix interface parameters. The authors
have found residual axial strain in the fiber to have a significant effect on fiber debonding
and also included fiber surface topography in their model. The authors have suggested a
methodology to extract interface parameters from experimental data.
Finite element modeling has been widely used to simulate fiber pull-out and
understand various intricacies of the fiber/matrix interface debonding process [15-18].
Beckert and Lauke [15] have developed a comprehensive finite element model using a
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fracture mechanics debonding criterion to simulate the interface failure process of a
single fiber pull-out test. The authors have made special emphasis on the local mixedmode load at the interface. Liu et al. [16] have developed finite element simulations for a
single fiber pull-out process and obtained solutions for fiber axial stress, fiber
displacement, and applied pull-out stress versus fiber displacement. The authors have
adopted local shear strain criterion as the criterion for interface debonding. The effects of
fiber pull-out rate, thermal residual stress, friction coefficient, and fiber volume fraction
have been evaluated. Sun and Lin [17] have conducted parametric studies utilizing a fiber
pull-out problem that includes a varying stiffness ratio for the fiber and matrix, and
irregular fiber cross-sections. Wei et al. [18] have developed finite element models to
investigate the interface shear stress distribution, and effects of shear stress transfer
across the interface on interface debonding behavior. Use of cohesive damage models,
and its implementation in finite element modeling to simulate fiber/matrix interface
debonding, has gained importance in the last decade [3, 19-20]. Cohesive damage
modeling, which has the ability to simulate the crack initiation and subsequent
propagation of an incipient crack, was first implemented by Dugdale [21] and Barenblatt
[22]. Its finite element implementation was provided later by Hilleborg et al. [23].
Cohesive damage models rely on traction-separation laws to simulate crack initiation and
crack propagation. Chandra [3] has implemented stress-based and energy-based failure
criterion to model interface failure and provided a detailed discussion on using cohesive
damage models to simulate failure/fracture of interfaces. Chandra et al. [19] have
investigated the sensitivity of various cohesive zone parameters on overall interfacial
mechanical response. Though the authors have used fiber push-out tests to analyze these
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parameters, the discussion is well applicable for finite element modeling of fiber pull-out.
The authors have indicated that the form of the traction-separation law for a cohesive
damage model plays a significant role in determining the failure behavior. Alfano and
Sacco [20] have combined interface damage and friction in a cohesive damage model and
implemented it on finite element modeling of fiber push-out. The authors also validated
their model with existing experimental results. Similar work on using cohesive damage
modeling for interface debonding has been conducted by Lin et al. [24] and Pochiraju et
al. [25].
Artificial Neural Networks (ANN), inspired by the biological nervous system, are
extensively used to solve a wide range of complex scientific and engineering problems.
ANN can be trained to provide solutions to non-linear and multi-dimensional problems
without knowing anything about the problem nature. With its self-organizing capabilities,
ANN can typically learn to adapt to any kind of data behavior. Though the application of
ANN to the composite field is relatively minimal, it has the potential to solve a multitude
of problems. The application of ANN in the composite field has been investigated by a
few researchers [26-29]. Addin et al. [26] studied failure in laminated composites using
ANN as a quantitative method, along with additional non-destructive methods. The
authors were able to identify complex failures including delamination, matrix cracking,
fiber fracture, and debonding. Zhang and Friedrich [27] and Kadi [28] reviewed various
applications of ANN in the composite field including mechanical modeling of fiber
reinforced composites and composite property prediction. Rao and Mukherjee [29]
developed a novel approach using ANN to model the macromechanical behavior of
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ceramic matrix composites. The authors used finite element models to investigate
interfacial debonding and sliding, and then used these results to train the neural network.
The current work deals with modeling the fiber/matrix interface debonding and
fiber pull-out behavior in continuous fiber reinforced ceramic composites using the
example of a SiC/SiCf composite. Finite element models utilizing cohesive damage
modeling for interface debonding and fiber pull-out are developed. ANN is used to learn
the load versus displacement behavior of fiber pull-out using analytical models and the
finite element model. The developed finite element model and ANN model are validated
by comparing with an existing analytical model. The novelty of this paper is in applying
ANN to a fiber pull-out problem and has not been discussed in the published literature to
the extent of the authors’ knowledge, with the only exception being the work carried out
by Rao and Mukherjee [29]. This paper is organized as follows. In section 2, a brief
overview of the fiber pull-out process, and the equations governing various stages of fiber
pull-out, are provided. A finite element model for fiber pull-out simulation, and a
cohesive damage model, are detailed in section 3. In section 4, the ANN model is
explained in detail including the training and testing sets. Results are discussed in section
5 and concluding remarks are presented in section 6.

2. FIBER PULL-OUT PROCESS – ANALYTICAL MODEL

Figure 1 shows a schematic of the fiber pull-out test configuration. Typically, the
test configuration consists of a cylindrical fiber of radius ‘ ’ protruding through a
concentric cylinder of matrix having thickness ‘ ’. The radius of the matrix cylinder is
considered to be sufficiently high such that the effect of matrix on the load-displacement
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behavior is virtually negligible. The matrix block is also gripped in a fashion such that the
deformation is seen only in the immediate vicinity of the fiber. The fiber is loaded in
uniaxial tension by applying an external displacement ‘ ’ on the free end of the fiber and
the response load ‘

’ is measured. Figure 2 shows the schematic of the load-

displacement behavior during the fiber pull-out process.
The typical load-displacement behavior constitutes four different regions, which
will be explained in a later part of this section. The initial compliance is assumed to be
due to the free length ‘ ’ of the fiber, prior to the initiation of fiber/matrix interface
debonding. After initiation of debonding, the compliance of the specimen increases with
an increase in length of the strained fiber. This fiber/matrix interface debonding is viewed
as a mode 2 interface fracture. When the debonding crack tip is approximately a few fiber
diameters away from either end of the specimen surface, the crack propagation process is
a stable process. In the presence of friction at the fiber/matrix interface, the stability is
enhanced [14]. As the debond length ‘ ’ is increased through the thickness of the
specimen, incremental work is required to propagate the crack. When the debond length
reaches a few fiber diameters from the lower end of the specimen surface, the shear stress
at the interface is adequate to slip the remaining bonded length catastrophically. This is
observed as a load drop in the load-displacement curve. Once the interface is completely
debonded, the load drops to that required to slip the debonded fiber against friction. In the
following sub-sections, the four regions of the load-displacement curve in a fiber pull-out
process, and the associated governing equations, are explained. The analytical model
used in the current work has been adopted from the extensive work by Kerans and
Parthasarathy [14].
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2.1 Criterion for initial debonding
As mentioned earlier, a part of the fiber protrudes out from the matrix block. For
simplicity of discussion, prior to debond initiation, the fiber can be divided into two
regions – (1) free length of the fiber ‘ ’ and (2) bonded region ‘ ’. When the free end of
the fiber is subjected to external displacement ‘ ’, the deflection in the fiber is due to
strain in region 1. The deflection of the fiber due to strain in region 2 is assumed to be
negligible. Before the initial debonding, the equation that relates external displacement ‘ ’
and response load ‘ ’ is given by,

Here,
fiber.

is the elastic modulus of fiber,

is free length of fiber, and is the radius of

Equation 1 holds true until the fiber/matrix interface starts to debond. For

debonding to initiate, the axial stress in the fiber at the region where the fiber enters the
matrix block, has to exceed a critical value given by ‘

’. A one-to-one

correspondence between the axial stress in the fiber and the shear stress in the interface
has been assumed. The initial debond is shown by point ‘ ’ on the load-displacement
curve (Figure 2). Sometimes, the debond initiation load is high such that it would reach
point ‘ ’ and then decreases, followed by progressive debonding. The initial debond
load ‘
by,

’ is related to the fracture toughness of the fiber/matrix interface ‘ ’ and is given
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Equation 2 assumes no residual axial stress in the fiber and does not take friction
into consideration. In Equation 2,

is the Poisson’s ratio of fiber and

is a parameter

relating elastic moduli and the Poisson’s ratios of the fiber and the matrix, as given by,

Here,

is the elastic modulus of matrix and

is the Poisson’s ratio of the matrix.

2.2 Progressive debonding
When fiber/matrix interface debonding is initiated, the fiber can be divided into
three regions – (1) free portion of the fiber, (2) debonded region ‘ ’, and (3) bonded
region ‘

’. The progressive debonding stage continues until the debond crack length

reaches a few fiber diameters from the lower end of the specimen surface. This region of
the load-displacement curve is nonlinear, unlike the part of the curve prior to debond
initiation. In addition to the free portion of the fiber, the debonded region contributes to
the compliance of the specimen. Additionally, the frictional resistance, residual normal
stress at the interface, residual axial stress in the fiber, surface roughness, and Poisson’s
contraction of the fiber affect the load-displacement behavior of the fiber during
progressive debonding. In this work, the effect of surface roughness along the
fiber/matrix interface is ignored. Before the debond is initiated, due to the coefficient of
thermal expansion mismatch, residual strains prevail both in the fiber and the matrix.
This causes a residual normal (radial) stress ‘
residual axial stress ‘

’ at the interface (Equation 4) and

’ in the fiber (Equation 5). When debonding is initiated, the

residual strain is released and contributes to the external displacement of the fiber.
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During the progressive debonding stage, crack propagation occurs when the axial
stress in the fiber exceeds a critical stress given by ‘
critical load ‘

’. Also, there exists a

’ (Equation 6) which is the maximum load that can be applied externally.

If the applied load approaches this critical load, the Poisson’s contraction due to axial
stress in the fiber cancels the radial normal stress and the frictional resistance does not
exist.

However, it must be noted that the quantities ‘
from each other. If

’ and ‘

’ are different

, crack propagation through the specimen will occur at

. Otherwise, the applied load increases with crack length, asymptotically
reaching the critical load. The external displacement and the applied load, during the
progressive debonding, are related using the following expression.

2.3 Load drop
As mentioned earlier, the progressive debonding stage ceases when the crack tip
is close enough to the lower end. The shear stress at the interface is high enough such that
the remaining bonded region ‘

’ debonds catastrophically. Here ‘ ’ is the thickness

of the specimen and ‘ ’ is the critical debond length at the maximum load. The load drop
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is calculated from the relation below, where ‘

’ gives the axial tension in the fiber at a

distance ‘ ’ from specimen surface.

2.4 Fiber pull-out
Following the load drop, the fiber could have slipped a certain length. The
embedded length of the fiber ‘ ’ is then given by,

The axial tension in the embedded length of the fiber is now given by,

The external displacement of the fiber has three distinct regions: (1) the free
portion of the fiber, (2) the portion of the fiber originally inside the matrix but now
slipped out, and (3) the embedded region of the fiber. The relation between external
displacement and applied load during fiber pull-out is given by,

Here, ‘ ’is the bonded length of the fiber measured after debonding and includes
the change in length from the release of axial residual strain.
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3. FINITE ELEMENT MODEL

The failure behavior of fiber/matrix interfaces are conventionally studied using a
linear elastic fracture mechanics approach. In this approach, the local crack tip field is
characterized using macroscopic
(

parameters

) or strain energy release rates (

such as

stress

intensity factors

). These parameters are

related to the corresponding fracture toughness of the material which determines the
condition for initiation of crack growth. If the crack tip undergoes plastic yielding, these
concepts based on theory of elasticity become inapplicable and a path dependent J
integral is used [19]. If the energy at the crack tip region is converted to inelastic energy
due to plasticity, the path independence property is lost. Also, traditional fracture
mechanics approaches assume the existence of a sharp crack with stress levels locally
approaching infinity. These crack tips are called singular crack tips. However, in reality,
singular crack tips do not exist in materials. Cohesive zone modeling is an alternative to
traditional fracture mechanics approaches and does not assume crack tip singularities.
Cohesive models are phenomenological models used to effectively study crack
propagation analyses. These methods are robust and can be easily implemented in finite
element analyses.
A cohesive zone represents the region where the material separates. In a cohesive
damage modeling approach, the crack initiation and propagation are governed by
traction-separation laws across the crack faces and near the crack tip. The location of the
cohesive zone is characterized by a mathematical tip and a physical tip [19]. The crack
opening is zero in the mathematical tip and cohesive tractions are zero in a physical tip.
When no loading is applied, the mathematical tip and physical tip coincide with each
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other. Figure 3 gives the schematic of the cohesive zone in the crack region with a
hypothetical mathematical crack tip, cohesive crack tip, and material crack tip. Cohesive
zone modeling can be used to simulate crack propagation in a homogeneous material or
in a bi-material interface. Unless otherwise mentioned, a ‘cohesive zone’ will refer to the
‘fiber/matrix interface’ hereafter.
As mentioned earlier, modeling of artificial cohesive zones in the crack domain is
described using traction-separation laws. Figure 4 shows the schematic of a typical
traction-separation law for modeling cohesive failure. In this work, a bilinear tractionseparation law has been implemented. The shape of the traction separation curve ‘

’

can take several forms. A brief review of various traction-separation laws used by several
authors has been provided by Chandra et al. [19]. The traction-separation law, also called
a cohesive law, is characterized by a peak traction ‘
separation ‘

’ corresponding to a critical

’, and finally by a maximum separation parameter ‘

’. The peak

traction parameter corresponds to the cohesive strength of the interface. Each of these
fracture parameters can uniquely affect the failure behavior of the interface. When the
traction stresses are integrated over the separation of the interface, the result is the energy
dissipated ‘

’ by cohesive failure.

In the present work, the cohesive zone model for simulating fiber/matrix interface
debonding and fiber pull-out has been developed using a commercial finite element code
(ABAQUS ver. 6.10) [31]. Figure 5 gives the schematic of the traction-separation
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behavior at the interface of two element sets for various modes of fracture. The
constitutive relation between these traction stresses and separation is given by,

Here,

is the traction stress in the normal direction,

the first shear and second shear directions, respectively,
is the separation in the normal direction, and

,

,

are traction stresses in

is the nominal stiffness matrix,
are separations in the first shear

and second shear directions, respectively. If the normal and shear components are
uncoupled, equation 14 is reduced to,

The elastic stiffness and cohesive strength can be obtained from experiments or
treated as penalty parameters (approximation). When a small stiffness value is used, it
adds compliance to the model and affects the solution accuracy. If large stiffness values
are used, the solver will have convergence issues. The principal diagonal terms are
assumed to be equal to each other and initiated using a sufficiently large value based on a
convergence analysis with various cases considered. Prior to damage initiation, the
cohesive zone is governed by the portion of the traction-separation curve to the left of the
vertical, dotted line. This implies that the traction stress increases in the cohesive zone
until it reaches maximum traction ‘

’ which corresponds to the cohesive strength of

the interface. For the initialization of damage in the cohesive zone, it has to satisfy certain
damage initiation criterion. Several damage initiation criteria are available. In this work,
the maximum stress criterion based damage initiation has been implemented as follows.

23

In the above equation,

,

, and

are peak values of contact stress when the

separation is either purely normal to the interface or purely in the first or the second shear
direction, respectively. Once the damage has initiated, the damage evolution is described
by introducing a stiffness degradation parameter, , as below.

Here,

is the contact stress component in first shear predicted by the traction-separation

behavior for the current separation without damage.

is a scalar damage variable that

represents the overall damage at the contact point. The value of

ranges from 0 (no

damage) to 1 (complete damage) and can be described by either linear or exponential
evolution. For linear softening, the evolution of damage variable ‘ ’ is given by,

In Equation 18,

is the effective separation at complete failure,

effective separation at damage initiation, and

is the

is the maximum value of effective

separation attained during loading history. Also, the effective separation at complete
failure can be approximated by,

Here,

is the energy dissipated during failure, and

is the effective traction at

damage initiation. Using a cohesive damage modeling approach, an axi-symmetric finite
element model of the fiber pull-out specimen has been generated. The finite element
model of the fiber pull-out specimen and the boundary conditions are shown in Figure 6.
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The radius of the fiber is 7 µm and that of matrix is 12.5 mm. Because the dimensions of
the matrix are high compared to that of the fiber, only a part of the finite element model
is shown in Figure 6. Both the fiber and the matrix have been modeled using four node
bilinear axi-symmetric quadrilateral elements with reduced integration (CAX4R). The
fiber/matrix interface is modeled like a zero thickness interface instead of an explicit
interphase region (continuum). In this study, the properties of pyrolytic carbon (PyC) are
assumed for the interface. A total of 11000 elements are used in the finite element mesh
generation. To save computational time and without affecting the accuracy of the result,
the mesh is chosen to be fine in the regions closer to the interface and coarse in the
regions away from interface. The contact behavior of the fiber/matrix interface is
modeled using a cohesive surface behavior. The equations governing the cohesive surface
are similar to that of a cohesive element approach. Once the fiber/matrix interface is
debonded, the contact friction at the interface is activated and influences the fiber
slip/pull-out. A displacement controlled load has been applied on the free-end of fiber.
The fiber displacement due to application of an external load, and the fiber/matrix
interface debonding, followed by fiber pull-out have been simulated. A viscous
regularization parameter (viscosity coefficient = 0.00001) has been used to overcome
convergence difficulties that arise during material softening/stiffness degradation. The
material properties and other input parameters required for the simulation are given in
Table 1.
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4. ARTIFICIAL NEURAL NETWORKS FOR FIBER PULL-OUT

Artificial Neural Networks (ANN) are a computational system that mimics the
neurons of a biological nervous system. ANN are composed of simple elements operating
in parallel and represent the clustering of artificial neurons. The topological structure of
an ANN is comprised of neuron layers. Typically ANN have an input layer, output layer,
and one or more hidden layers. These input neuron layers interface with the real world to
capture the input, and the output layers provide the real world with network output [27].
The network function, usually a non-linear function, is determined by the interconnection
between the neurons. Each neuron is associated with a weight factor that determines the
strength of the interconnection. ANN are trained using available input/output data such
that the network adjusts the values of these weight factors over iterations called epochs in
ANN terminology. After several epochs, the network converges to training data that has
been provided. This training step is repeated for multiple sets of input/output data and
each time the weight factors are adjusted accordingly. This process when repeated over
several training sets will result in an inherent optimized function that responds effectively
to any similar input provided. After the network is trained, it is verified/validated using a
set of test data. Once the ANN gives promising results with test data, it is said to be
validated and can be used for any new input data, but is similar to the training/testing data.
The above mentioned procedure of ANN is applied to a fiber pull-out problem using
analytical models from the technical literature as a training/testing data set. A multilayer
perceptron (MLP) neural network, along with a backpropagation algorithm, has been
implemented to simulate the fiber pull-out behavior.
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An MLP is a feedforward ANN model that maps sets of input data onto a set of
appropriate output. An MLP consists of multiple layers of nodes in a directed graph
which is fully connected from one layer to the next. MLPs are the oldest and most
popular form of neural networks used today. They consist generally of three layers: an
input layer, hidden layer, and an output layer. The specific one used in this study is
shown in Figure 7. The ANN model was developed in MATLAB R2010a [33]. The
network size used is 5 × 25 × 1 and has a total of 150 weights: 125 for the input-hidden
layer, and 25 for the hidden-output layer. The inputs to the MLP are interface toughness,
friction coefficient, specimen thickness, residual axial stress, residual normal stress, and a
bias of 1. The output generated by the ANN model is the coordinates of the loaddisplacement curve. A linear activation function was used for both the input and output
layers, and a sigmoid activation function was used for the hidden layer. A step by step
procedure of the feedforward and back propagation operations in the ANN model is
given below.
Step 1: Calculate the activation vector ‘ ’

Here,

is the input vector,

for input-hidden layer, and

is the number of inputs,

is the weight function matrix

is the number of neurons in hidden layer.

Step 2: Calculate the decision vector ‘ ’

The sigmoid activation function is given by,
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Step 3: Calculate the output vector ‘

Here,

’

is the number of outputs.
Step 4: Calculate the output error vector ‘

’. A least sum squared optimality

criterion has been used between the predicted and desired values.

Here,

corresponds to the number of points on the load-displacement curve, and

corresponds to the actual output calculated using finite element and analytical models.
Step 5: Calculate the decision error vector ‘

Step 6: Calculate the activation error vector ‘

Step 7:

’

’

Compute the weight changes for input-hidden layer ‘

hidden-output layer ‘

Here, is learning iteration,

’ and

’

is the learning gain, and

is the momentum gain. The

learning gain is a small parameter that adjusts the weight change each time, and the
momentum gain reduces oscillations in the network model, ensuring rapid convergence.
Step 8: Compute the weight updates ‘‘

’ and ‘‘

’
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Equations 20 – 23 are used for the feedforward operation and Equations 24 – 30
are used for computing the back propagation operation. The analytical model and finite
element model are run for several cases by varying the input parameters - interface
toughness, friction coefficient, specimen thickness, residual axial stress, and residual
normal stress. The interface toughness was varied from 1 J/m2 to 10 J/m2 at an interval of
0.25 J/m2. Similarly, friction coefficient was varied from 0.05 to 0.15 at 0.005 intervals,
and specimen thickness was varied from 2 mm to 10 mm at 0.5 mm intervals. Finally,
residual axial stress was varied from 0 to 5 MPa at 0.5 MPa intervals, and residual normal
stress was varied from 0 MPa to -30 MPa at 5 MPa intervals. A large input data set was
developed by varying the above parameters one-factor-at-a-time. This input data set was
used in a finite element model and an analytical model, to get the required output (loaddisplacement curve) data set. Using a random number generation, approximately 70% of
the data of the whole data set was used for training the ANN model and the remaining
data was used for testing. While selecting the training data set, care was taken to include
70% of the data from each of the variable data sets considered. This random number
generation procedure will allow selecting random data without any bias, thereby making
the ANN model more robust. The ANN model was trained for 10000 epochs to obtain a
final sum of square error of less than 0.01. During the testing stage, the minimum sum of
square error obtained was less than 0.1.
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5. RESULTS AND DISCUSSION

The objective of this work is develop alternative numerical approaches to
conventional analytical modeling for the investigation of the load-displacement behavior
of fiber pull-out in continuous fiber reinforced ceramic matrix composites. Cohesive
damage modeling based finite element models are developed to simulate fiber/matrix
interface debonding and fiber pull-out. ANN based models are also developed, trained,
and tested to mimic the load-displacement behavior for fiber pull-out. A parametric study
has been conducted to compare the load-displacement behavior predicted by each of
these approaches, and the sensitivity of various material parameters. The following
parameters are analyzed in this study – (a) interface toughness, (b) friction coefficient, (c)
specimen thickness, (d) residual axial stress in the fiber, and (e) residual normal stress. In
this study, the effect of fiber surface irregularities on load-displacement behavior is not
investigated.
Prior to investigating the influence of each of these parameters, the developed
finite element model and ANN model are validated by comparing the predicted loaddisplacement behaviors with that of a widely used analytical model developed by Kerans
and Parthasarathy [14]. Input parameters related to the geometry specifications of the
fiber pull-out model, coefficient of friction, and residual normal stress are taken from the
same reference. The fiber/interface/matrix configuration used in the study is Hi-Nicalon
SiCf/PyC/SiC. The radius of the fiber is 7 µm and the matrix radius is assumed to be 12.5
mm. The length of the free portion of the fiber is assumed to be 6 mm, and the thickness
of the specimen is 3 mm. A coefficient of friction ( ) of 0.1 is used, and the residual
normal stress (

) is assumed to be -20 MPa. Other required inputs related to the material
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properties are shown in Table 1. For the finite element model, displacement controlled
loading is applied and the reactive forces at the free end of the fiber are captured. Figure
8 shows the fiber/matrix interface debonding and fiber pull-out simulated using the
developed finite element model. The damage initiation is shown in Figure 8 (a),
progressive debonding is shown in Figures 8 (b, c, d), and the fiber pull-out can be
observed in Figures 8 (e, f). The ANN model could also predict the load-displacement
behavior using the input parameters mentioned above. Figure 9 shows the comparison of
the load-displacement behaviors predicted using the analytical model, finite element
model, and the ANN model. The analytical model developed by Kerans and
Parthasarathy [14] is referred to as the K-P model in the plot. In this case study, the
critical load ‘

’ is less than the critical value for debonding ‘

’. This can be

attributed to the thin fiber radius and also the high modulus of the SiC matrix. The initial
debonding load ‘

’ was sufficient to propagate the crack through the entire length

of the specimen without requiring any additional load. Thus, the load-displacement
behavior until the peak load was observed to be linear without any progressive debonding.
The load-displacement behavior predicted using the finite element model and the ANN
model were similar to that predicted using the analytical model. The peak load predicted
using the finite element model was slightly lower and the predicted displacement at peak
load was slightly higher. Following the peak load, the load dropped to near zero for the
finite element model. The ANN model, which is now characteristic of the properties of
the analytical model and the finite element model, has predicted the load-displacement
curve displaying the combined behavior of both models. The peak loads predicted using
the analytical model, finite element model, and ANN model were 0.0914 N, 0.0869 N,
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and 0.0882 N, respectively. Considering the peak load predicted by the analytical model
to be the reference, the finite element model had a relative error of 4.92 %, while the
ANN model had a 3.5% relative error.
5.1 Effect of interface toughness on load-displacement behavior
The parameter ‘interface toughness’ primarily influences the debond initiation
load. As mentioned earlier, progressive debonding was not observed in the predicted
load-displacement behaviors and the Poisson effect was negligible. Figure 10 shows the
load-displacement plots predicted using the analytical model, finite element model, and
ANN model for two values of interface toughness –

= 2 J/m2 and 6 J/m2. The analytical

model showed an increase in the debond initiation load or the peak load (in this study)
with the increase in interface toughness. However, the difference in slopes of both the
curves was minimal. The load drop was slightly higher for the case with higher toughness.
The load-displacement plots captured using the finite element model and ANN model
were similar to that of analytical model, although the slopes of the curves were slightly
different. As observed earlier, the ANN model showed a combined behavior of both the
analytical and finite element models.
5.2 Effect of friction coefficient on load-displacement behavior
The effect of friction coefficient on load-displacement is shown in Figure 11. The
friction coefficients used in this analysis are

= 0.05 and 0.1. The friction term is used in

the analytical model to predict the peak load (Equation 8) during progressive debonding.
In the absence of progressive debonding, the frictional coefficient is observed to have
minimal effect on load vs. displacement, as predicted by the analytical model. Thus, it
can be observed that the load-displacement plots predicted using the analytical model
have overlapped. Contrary to this behavior, the load-displacement plots predicted using
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the other two models are different for the two friction coefficients. Although the peak
loads were close enough for the three models, it increased with an increase in friction
coefficient (as predicted by both the finite element model and the ANN model). The load
drop was observed to decrease with an increase in friction coefficient (ANN model). This
behavior is similar to that observed by Kerans and Parthasarathy [14].
5.3 Effect of thickness of specimen on load-displacement behavior
The specimen thickness is another parameter, besides the friction coefficient,
which affects the peak load during progressive debonding. For different specimen
thicknesses, the length of the embedded fiber is increased/decreased which in turn
increases/decreases the compliance of the specimen. Two specimen thicknesses,

= 3

mm and 6 mm, are considered for the analysis. Figure 12 shows the load-displacement
plots for both the thicknesses. As expected, the analytical model resulted in similar loaddisplacement curves for both thickness values. However, an increase in peak load with an
increase in specimen thicknesses was observed from the load-displacement plots obtained
using the finite element model and the ANN model. Though the peak loads were
predicted to be high using these models, the slope of the curves prior to peak load were
similar for both thickness values.
5.4 Effect of residual axial stress in fiber on load-displacement behavior
The residual axial stress in the fiber would directly affect the critical value for
interface debonding ‘

’. If the progressive debonding stage exists, the peak load

predicted will be affected by the presence of residual axial stress. Figure 13 shows the
effect of residual axial stress on the load-displacement behavior. Two cases are
considered – (a) no residual axial stress ‘

=0’, and (b) ‘

=1 MPa’. From the plots

developed using the analytical model, it can be observed that the peak load is increased
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slightly. Similar behavior is also observed from the plots developed using the finite
element model and the ANN model. The frictional load after the load drop was almost the
same, as predicted from the analytical model. However, as observed from the ANN
model, the load drop was higher when there was no residual axial stress. The frictional
pull-out load predicted by the finite element model was close to zero.
5.5 Effect of residual normal stress on load-displacement behavior
The residual normal stress parameter along with the Poisson contraction affects
the frictional fiber slippage during interface debonding and frictional fiber pull-out.
While a Poisson contraction decreases the frictional resistance, the residual normal stress
(compressive) has the opposite effect. The effect of varying residual normal stress (

=-

20 MPa and -10 MPa) on predicted load-displacement behavior is shown in Figure 14.
The peak load predicted from the analytical model was the same for both values of
residual normal stress. However, the load drop was observed to be higher for

= -10

MPa. The load-displacement patterns predicted by the other two models were similar to
that predicted by the analytical model.

6. CONCLUSIONS

Finite element modeling and ANN models are developed to study the loaddisplacement behavior during fiber pull-out in continuous fiber reinforced ceramic
composites. An axi-symmetric finite element model has been developed using a cohesive
damage modeling approach integrated with frictional contact, for simulating the
fiber/matrix interface debonding and frictional fiber pull-out. The finite element model
has been validated by comparing with the analytical model. Numerical models were
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developed using ANN concepts to mimic the load-displacement behavior during fiber
pull-out. The ANN model was trained and tested using the analytical model and finite
element model. The ANN model has shown good potential in near-accurately predicting
the load-displacement behavior. With the availability of a larger data set of experimental
results, the ANN model can be trained rigorously to capture the intricate details from
experimental observations which otherwise are difficult to analyze using analytical
models. A parametric study has been conducted to investigate the sensitivity of interface
toughness, friction coefficient, specimen thickness, and residual stresses on the loaddisplacement behavior. For the material system considered in this study, the debond
initiation load was observed to be high enough to completely debond the interface
without an increase in load. The load-displacement behavior predicted by the analytical
model, finite element model, and ANN model were observed to be similar for various
parameters investigated in this study.
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Table 1 Material properties for finite element modeling [32]
Material

Modulus
(GPa)

Tensile
Strength
(MPa)

Poisson’s
Ratio

Fracture Energy
(J/m2)

Fiber

Hi-Nicalon
SiCf

270

2800

0.2

20

Matrix

SiC Matrix

350

-

0.21

6

Interface
(Cohesive
Zone)

PyC

-

2-6

Penalty Parameters
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Figure 1 Schematic of pull-out test configuration
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Figure 2 Typical load-displacement behavior during a fiber pull-out process
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Figure 3 Schematic of a cohesive zone in a cracked material
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Figure 4 Typical traction-separation law for modeling cohesive failure
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Figure 5 Traction-separation distribution in finite elements for three fracture modes
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Figure 6 Finite element model of fiber pull-out specimen
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47

0.1

K-P Model [14]
Finite Element Model
ANN Model

Load (N)

0.08

0.06

0.04

0.02

0

0

0.2

0.4

0.6
0.8
1
1.2
Fiber Displacement (m)

1.4

1.6
x 10

-5

Figure 9 Comparison of finite element results and ANN results with analytical model
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Figure 10 Load-displacement plots for varying interface toughness
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ABSTRACT

A comprehensive numerical analysis of micromechanical damage behavior in a
continuous fiber-reinforced ceramic composite (CFCC) is presented. A three-dimensional
micromechanical finite element modeling procedure is proposed for effective elastic
property estimation by the example of a composite consisting of a silicon carbide matrix
unidirectionally reinforced with silicon carbide fiber (SiC/SiCf). The effect of
fiber/matrix interface on predicted elastic properties of the SiC/SiCf composite is
considered. Representative volume element (RVE) models are developed for SiC/SiCf
composite with damageable interfaces. Statistically equivalent RVE models with
randomly distributed fibers are generated using a developed algorithm. The statistical
variability of fiber and matrix strengths is considered in developing RVE models and
assumed to follow a Weibull probability law. A user-material subroutine is developed to
predict damage behavior in the RVE. The predicted uniaxial stress vs. strain behavior and
damage in the composite are discussed.
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1. INTRODUCTION

Ceramic matrix composites (CMCs) are widely used in high temperature
structural applications because of their lightweight and greater resistance to high
temperature aggressive environments compared to metals or other engineering materials
[1, 2]. Monolithic ceramics are inherently brittle, sensitive to process and service related
flaws. These materials have high strength but low toughness often leading to catastrophic
failure. Continuous fiber reinforced ceramic composites (CFCCs) have higher toughness
and fail ‘gracefully’. These materials have the ability to deform nonlinearly with applied
load and show notch-insensitive strength behavior. The nonlinearity results from
formation of matrix cracks, crack propagation around reinforcing fibers, and fiber/matrix
interface debonding with frictional sliding. Unlike conventional monolithic ceramics,
CFCCs can take more load even after matrix failure. CFCCs can effectively redistribute
stresses around notches, voids and cracks, thereby, increasing toughness [3].
Several researchers have worked on evaluating mechanical properties of
composites

using

micromechanical

models

[4-15]. Micromechanical

modeling

approaches predict overall behavior of the material from known properties of reinforcing
and matrix constituent phases. Birman and Byrd [4] have provided an extensive review of
damage in ceramic matrix composites. Lissart and Lamon [5] and Curtin et al. [6, 7] have
provided a comprehensive study on damage behavior in unidirectional ceramic matrix
composites. The statiscal variability of strengths in fibers and matrices, matrix cracking,
effect of interface, and fiber failure were discussed in detail in their work. Chateau et al.
[8] have developed and experimentally validated a 1D probablistic model of damage
evolution in unidirectional SiC/SiC composites.
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Representative volume element (RVE) based micromechanical approaches are
widely used for micromechanical modeling of composite materials. RVE is the basic unit
or element of a material capturing all details of macrostructure. Often RVE’s are referred
to as repeating unit cells (RUC’s) for composites; RUC’s are used to model materials
which show periodic behavior. Raghavan et al. [13] have developed a mathematical
representation for periodic composite materials called ‘asymptotic homogenization
theory’. Sun and Vaidya [10] have detailed the procedure for determining composite
properties from RVE. The authors have indicated that ‘plane-remains-plane’ boundary
conditions are over-constrained boundary conditions. The effective determination of
transverse shear modulus, unlike transverse Young’s modulus, requires application of
appropriate boundary conditions. This issue has been addressed by Xia et al. [9], Sun and
Vaidya [10], and Li [11]. Finite element analysis has been used as a framework to
conduct micromechanical analysis of composite materials by several researchers. Finite
element RVE models are used to determine mechanical properties and also to study
damage mechanisms of composites. Li [11] has applied finite element micromechanical
models to unidirectional laminates and Xia et al. [12] have developed models for crossply laminates.
Finite element RVE’s for composite materials are usually modeled as damagefree. The fiber/matrix interface in the CFCCs is a critical factor affecting its toughness
behavior. The toughness of composite materials is dependent on the crack propagation
behavior. The greater the crack growth resistance, more energy is spent in propagating
the crack and thus enhancing its toughness. For crack growth resistance to be high, the
fiber/matrix interface has to be ‘weak’ [16, 17]. Conventionally used finite element RVE
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models ignore the interfaces and assume a perfect bond between the fiber and matrix. In
order to accurately predict the mechanical properties of the composite material
fiber/matrix interface in addition to fiber and matrix has to be considered.
Cohesive damage modeling approaches can effectively model damage initiation
and evolution using traction-separation laws. The use of cohesive elements in finite
element RVE’s has been explored by few researchers. Mishnaevsky and Brondsted [18]
have used a cohesive damage modeling approach to investigate mechanical behavior and
damage evolution of glass fiber reinforced composites. The authors have developed a
code for automatic generation of 3D micromechanical unit cells of composites with
damageable elements. The statistical variability of fiber strength, fiber/matrix interface
debonding and other features have been embedded into the code. Numerical experiments
have been conducted using the generated unit cell models to investigate different fiber
packing geometries. Wang et al. [19] have used an extended finite element method
technique to effectively model damage initiation and propagation in a unidirectional glass
fiber reinforced epoxy composite subjected to tensile load. The authors have considered
both single fiber and multi fiber unit cells to investigate the case study.
In the current work, statistically equivalent RVE models for a unidirectionally
reinforced SiC/SiCf composite are developed. These models are used to predict the elastic
constants and damage behavior of the composite from known properties of the fiber,
matrix, and interface. The finite element models are validated by comparing the results
with available data from the literature. The paper is organized into six sections. The
mechanics of failure in the CFCCs is presented in the second section. The third section
provides details on generating a statistically equivalent RVE. The finite element
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modeling procedure for predicting elastic constants and damage behavior is detailed in
the fourth section. Discussion of results and conclusions are presented in fifth and sixth
sections, respectively.

2. MECHANICS OF FAILURE IN CFCCS

CFCCs are increasingly being considered for advanced aerospace and nuclear
applications. Unlike monolithic (unreinforced) ceramics, CFCCs fail in a ‘graceful’
manner. The non-catastrophic failure behavior in these materials is due to large work of
fracture required for crack initiation and propagation [17]. The mechanical behavior of
CFCCs is controlled by the constituent (fiber, matrix, and interface) properties.
Toughness is an important factor complimenting the mechanical behavior of a CFCC and
is dependent on the collective behavior of all constituents. In a metallic material, the
toughness is governed by its ability to absorb energy by plastic deformation. Unlike
metallic materials, the toughness behavior of CFCCs is from work of fracture required for
[20],


matrix failure – crack initiation and crack propagation



fiber failure – fiber breakage



fiber pull-out under frictional effects, and



fiber/matrix interface debonding

The various mechanisms of crack energy dissipation in a CFCC are shown in
Figure 1.
Fiber/matrix interface is an important constituent in controlling the toughening
mechanism of CFCCs. When the matrix cracks under application of an external load, the
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crack propagates and proceeds to the fiber/matrix interface. Two things are likely to
occur when the crack approaches the interface. The crack can either deflect along the
interface or continue in its original propagation direction and break the fiber. The former
mechanism occurs when the interface is weak and the latter occurs with a stronger
interface. When a ‘weak’ interface is used the crack deflects into the interface, owing to
its low strength and fracture toughness compared to the fiber. This process allows more
work to be spent in propagating the crack through the weak interface. During this whole
process, the fibers in the CFCC, adjacent to debonded interface, can still contribute to
load carrying behavior. Only after sufficient debonding has occurred, the fiber breaks and
pull-out occurs. The frictional sliding during fiber pull-out increases the work of fracture.
The crack propagates into the adjacent matrix and the process repeats until complete
failure of material. Finite element modeling of RVE’s has been conventionally done
using fiber and matrix constituents only and ignoring the fiber/matrix interface. A perfect
bond between the fiber and matrix has been assumed by many researchers. However, the
interface will have a significant impact on determining the mechanical properties of a
CFCC and is explicitly modeled in this work.

3. STATISTICALLY EQUIVALENT RVE

In this section, a three-step procedure is detailed for automatic generation of a
statistically equivalent RVE model with randomly distributed fibers. Figure 2 shows the
flow chart of the algorithm developed for random distribution of fibers. This algorithm
was implemented in MATLAB R2010. The developed RVE model can be easily
transferred to a commercial finite element tool for developing finite element models.
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3.1 Step 1: Generation of square RVE
In order to generate a statistically equivalent RVE with random fiber distribution,
an RVE with square packing was selected as an initial distribution. Several algorithms
were previously developed for generating the random distribution of fibers [21, 22]. Most
of these algorithms involved a single fiber as the starting point and generated multiple
fibers one after the other to develop an RVE. These algorithms were sometimes limited
by the maximum volume fraction produced. This phenomenon is called ‘jamming’.
Unlike these, the algorithm presented here has the advantage of starting with an RVE that
has a fixed fiber volume fraction. The parameters that were input to the algorithm
included fiber volume fraction ( ), radius of fiber ( ), and number of fibers ( ). All
fibers were assumed to have the same radius. From these inputs, the side ( ) of the RVE
was calculated as,

A square frame was generated using Eq. 1 and the fibers were uniformly
distributed in the square domain. Figure 3(a) shows the generated RVE with square
packing.
3.2 Step 2: Global crisscrossing
This step involves assigning new positions to the fibers by randomly moving the
fibers within the square domain. The random movement of fibers was limited by global
constraints imposed on the fiber positions. The constraints used in the algorithm were,
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1) The minimum distance (
was equal to

) between centers of any two neighboring fibers

. Here, is the radius of fiber and

is the thickness of the interface.

This constraint will prevent any overlapping of fibers.
2) The maximum distance (
was equal to

) between centers of any two neighboring fibers

. This value was arbitrarily selected due to limited data availability in the

literature. However, it can be replaced by experimentally observed inter-fiber distances.
3) The position of any fiber was restricted to the square domain.
4) In addition to the above constraints, the movement of any fiber in the square
domain was limited to small increments. This will prevent localized accumulation of
fibers after several iterations. This constraint was imposed using the following equations,
(1)
(2)
Here,
‘

corresponds to the center of the

fiber, is the iteration count,

’ is a function in MATLAB and was used to generate a random number between 0

and 1. In Eq. 1 and Eq. 2, ‘
. The values of

and

’ was used to generate a random number between

and

were arbitrarily selected as -0.5 and 0.5, respectively, to avoid

large increments in new positions. By selecting

, the fiber was allowed to move in

all possible directions.
By imposing the above constraints, the modified RVE after several iterations of
global crisscrossing is shown in Figure 3(b).
3.3 Step 3: Sub-frame selection
In this step, a square sub-frame was randomly generated within the main domain
(original square frame) to create a statistically equivalent RVE. All the fibers within this
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sub-frame correspond to the new RVE. The RVE generated in Step 1 and Step 2 is
similar to the microstructure of a composite (transverse cross-section of unidirectional
composite) with a fiber volume fraction and large number of randomly distributed fibers.
The sub-frame selected in this step is then similar to any statistically equivalent RVE
generated from the microstructure. Similar to Step 2, constraints were applied on the subframe such that the sub-frame domain was within the bounds of the main domain. Figure
4 shows the sub-frame selected from the main domain to generate the desired statistically
equivalent RVE.

4. FINITE ELEMENT MODEL

In this section, the finite element model development of an RVE with randomly
distributed fibers in a matrix, modeling of the fiber/matrix interface, properties of
constituent phases, numerical homogenization procedure for predicting elastic constants,
and the damage model based on Weibull probability of failure are detailed.
4.1 Finite element model of RVE
A comprehensive three-dimensional finite element model of the RVE was
developed using commercial finite element code Abaqus ver. 6.12. The fiber/matrix
interface was explicitly modeled as an interphase region. Figure 5 illustrates the
developed finite element model of RVE. The randomized fiber distribution of the RVE
was developed based on the procedure explained in section 3. A code was written in
Python to import the coordinate points obtained from Matlab and develop a transverse
cross-section of the RVE in Abaqus. With an increase in the number of fibers, the
randomized distribution is well accounted for, however, it will increase the computational
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cost. Similarly, if the number is less, the computational time is reduced but the
randomization will not result in effective results. Accordingly, the cross-section was
selected to include at least nine fibers. The three-dimensional model was then realized by
extruding the transverse cross-section in the longitudinal direction. Due to its complex
structure, the RVE was modeled with a combination of hexahedral and tetrahedral
elements. The hexahedral elements form the majority of the elements and to reduce the
computational time, a reduced integration scheme with hourglass control was used. The
hexahedral configuration corresponds to eight-node linear brick elements with reduced
integration and enhanced hourglass control (C3D8R). Similarly, the tetrahedral elements
refer to a four node linear tetrahedron (C3D4).
4.2 Properties of constituent phases
Isotropic linear elastic behavior was considered for modeling individual phases fiber, matrix, and fiber/matrix interface. Typically, brittle materials experience a large
scattering of strengths owing to their random distribution of flaws, such as cracks [4-7].
This scattering of strengths in fiber and matrix phases is taken into account using a
Weibull probability law. The Weibull probability law gives the probability of failure ‘ ’
for a volume ‘ ’ of a material at a stress level ‘ ’.

The probability of failure ranges from 0 to 1. In Eq. 2,

(=1 mm3) is a reference

volume used for fitting Weibull parameters to experimental data,
which no failure occurs,

is a Weibull strength parameter, and

is stress below
is a Weibull shape

parameter. The Weibull shape parameter describes the statistical spread in material
strength. The higher the value of Weibull shape parameter, the lesser is the scatter in

63

material strengths. In ceramic materials, failure cannot be excluded even with lower
stresses and thus the parameter

is zero. Eq. 2 is reduced to,

The elastic constants and Weibull parameters for each of the material phases are
provided in Table 1 [8, 23].
4.3 Numerical homogenization
Numerical homogenization is a procedure for predicting the elastic properties of
the composite from available elastic properties of the constituents. This procedure
involves applying appropriate boundary conditions on the finite element model of the
RVE for estimating elastic properties of a composite. In general, composites reinforced
with fibers arranged in parallel show orthotropic behavior at the mesoscale (Figure 6(a)).
However, with the statistically equivalent RVE (random fiber arrangement) considered in
this work, the mesoscale behavior is transversely isotropic (Figure 6(b)).
For a homogeneous composite material, the relationship between average stress
( ) and average strain ( ) is given by,

Here,

is the stiffness tensor. For a transversely isotropic material, the stiffness

tensor is given by,

64

Here, the 1-axis is aligned with the fiber direction. The goal is to find the five
independent elastic properties (longitudinal and transverse Young’s moduli, longitudinal
and transverse Poisson’s ratio, and longitudinal shear modulus) of a homogeneous
material by computing the components of this transversely isotropic stiffness tensor. The
shear modulus in the transverse plane can be directly obtained from the transverse
Young’s modulus and transverse Poisson’s ratio. In order to evaluate the stiffness tensor,
six components of strain (

) are applied by enforcing the following displacement ( )

boundary conditions [24].

The superscript ‘a’ denotes applied strain while the over-line in Eq. 1 indicates
volume average. In Eq. 6, Eq. 7 and Eq.8,
displacements required for enforcing a strain

,

, and

on an RVE with sides

indicate the
,

, and

,

respectively (Figure 7).

The strain

applied on the RVE results in a complex state of stress, however,

the volume average of strain (

Here,

) in the RVE equals the applied strain.

is the volume of the RVE. By applying the boundary conditions (Eq. 6,

Eq. 7 and Eq.8) one at a time, only one strain component of Eq. 1 will be non-zero and all
other components are made zero. If the applied strain (

) is given a unit value, the
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components of the stiffness tensor can be computed from the volume averaged stress ( )
in the RVE.

The step by step procedure for evaluating each column of the stiffness tensor, by
imposing appropriate boundary conditions, is explained in the following sub-sections.
Computing first column of the stiffness tensor: A unit strain is applied on the
RVE in the fiber direction ( ) to compute the stiffness tensor components

with = 1

to 3.

The displacement boundary conditions corresponding to the above applied strain
are given by (Figure 8),

Computing second column of the stiffness tensor: A unit strain is applied on the
RVE in the transverse direction ( ) to compute the stiffness tensor components
= 1 to 3.

with
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The displacement boundary conditions corresponding to the above applied strain
are given by (Figure 9),

Computing third column of the stiffness tensor: A unit strain is applied on the
RVE in the transverse direction ( ) to compute the stiffness tensor components

with

= 1 to 3.

The displacement boundary conditions corresponding to the above applied strain
are given by (Figure 10),

Computing fourth column of the stiffness tensor: For a transversely isotropic
material, the fourth column of stiffness tensor has only one component

which does
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not require computation as in previous cases. The component

can be calculated as a

function of other components given by,

Computing fifth and sixth columns of the stiffness tensor: A unit strain is applied
on the

face of the RVE in the longitudinal direction ( ) to compute the stiffness

tensor component

.

The boundary conditions for this case are not similar to those used for computing
the first three columns. In this case, periodicity boundary conditions are applied on the
and

faces. If these conditions are not enforced, the applied boundary

conditions do not lead to a unit average strain. The boundary conditions required for
computing

are shown in Figure 11.

Once all the components of stiffness tensor are computed, the elastic constants
can be calculated using the following relations,
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4.4 Damage modeling using a user-material subroutine
The damage evolution of the fiber and matrix was modeled by integrating Weibull
probability of failure with a finite element weakening method. For the fiber/matrix
interface the damage was modeled using interface shear strength as the failure criterion.
The damage modeling of constituent phases of the RVE was implemented in Abaqus ver.
6.12 using a user-material subroutine (UMAT). This subroutine was used as the built-in
material models cannot be used to define a specific material behavior. The UMAT
subroutine was called at each integration point in the model, and the stresses and tangent
stiffness matrix were updated at each increment. A viscous regularization parameter
(viscosity coefficient = 0.0001) was used to overcome any convergence difficulties
during material softening/stiffness degradation [25].
Before calling the UMAT subroutine, random probabilities (0<

<1) were

generated at each integration point in the finite element model using a SDVINI
subroutine. Figure 12 shows the contour of random probabilities generated in the RVE,
which are indicative of respective failure strengths. These probabilities were generated
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only once during the initial increment and stored for the rest of the analysis using solution
dependent state variables. The probabilities generated in the initial increment were called
in UMAT to generate a random strength distribution for fiber and matrix elements.
Equation 2 was reorganized in terms of stress to calculate random strengths
(corresponding to generated probabilities) at each material point. The random strengths
were stored in a solution dependent state variable and were not updated when UMAT was
called at each increment. The damage evolution in the fiber and matrix was modeled
using a damage variable. The maximum stress criterion was used for modeling failure in
the fiber and matrix. A damage variable (0< <1) was defined in UMAT by initializing to
zero, and updating to 0.99 when the failure criterion was satisfied. The stiffness matrix in
Eq.5 was defined as a product of (

), and individual stiffness terms, such that the

stiffness of the element (material) reduces to 0.0001% of the initial value when the failure
criterion is satisfied [18].

5. RESULTS AND DISCUSSION

5.1 Elastic constants
Figure 13 shows the transverse cross-section of 12 different statistically
equivalent RVE models generated using the procedure developed in section 3. Each of
these models was used to predict elastic constants of the resulting transversely isotropic
composite. The elastic modulus and Poisson’s ratio provided in Table 1 were used as
input to the finite element model. No strength data was used for predicting the elastic
constants. The loads and boundary conditions applied in these models followed the
numerical homogenization procedure detailed in section 4.3. A python code was
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developed to calculate volume averaged stress and strain in the model by extracting
stresses and strains at each integration point. The developed python code was also used to
calculate all the stiffness terms in the stiffness matrix (Eq. 10) and finally the elastic
constants (Eq. 40 – Eq. 45). Table 2 shows the predicted elastic constants from each RVE
model, mean and standard deviation. Figure 14 shows the stress distribution in the RVE
model corresponding to different loading conditions for predicting stiffness terms.
The results predicted using the statistically equivalent RVE models were
compared with results generated from Chamis model [26]. The Chamis model is a widely
used analytical model for predicting elastic constants of a transversely isotropic,
unidirectionally reinforced fiber composite [27]. However, this model does not take
elastic behavior of the interface in to account. Table 3 shows the comparison of elastic
constants predicted from the current model and the Chamis model. The variation of
longitudinal Young’s modulus and Poisson’s ratios was less than 3%, while the
transverse Young’s modulus was off by 8%. The longitudinal and transverse shear
moduli varied by 5.8% and 7.7%, respectively. The experimentally observed longitudinal
Young’s modulus was 350 GPa, as provided by Chateau et al. [8]. The deviation of the
predicted longitudinal Young’s modulus was 3.23% in comparison to the experimentally
observed data.
5.2 Stress vs. strain and damage behavior
A damage model was developed using the procedure outlined in section 4.4. This
model was used to predict the stress-strain behavior of a unidirectionally reinforced
SiC/SiCf composite under uniaxial tension. The elastic properties and Weibull parameters
provided in Table 1 were used as input to the model. Under uniaxial tension, the stress
levels increased with the applied load, and matrix elements which were weak (low
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strength) started to fail. When the stress in an element exceeded its material strength
(randomly generated from Weibull probability law - Eq. 12) the damage variable
increased from 0 to 0.99. Accordingly, the stiffness of the element reduced to 1% of its
initial value. When a matrix element failed, local load sharing with adjacent elements was
observed, which increased the stresses in these elements. Similarly, when a matrix
element adjacent to an interface element failed, shear stress build up in the interface
element was observed. As shown in Table 1, the interface has low shear strength, and
failed accordingly when stresses exceeded this value. As the crack (damage) evolved
from matrix elements to interface elements, stress levels in adjacent fiber elements
increased due to local load sharing. Similar to matrix and interface elements, the fiber
elements failed when the failure criterion was satisfied. Figure 15 shows the predicted
stress-strain behavior based on the developed damage model. The maximum predicted
stress and strain were 1254 MPa and 0.57% respectively. The matrix cracking has
saturated at ~621 MPa and beyond this point the observed stress-strain behavior was
primarily fiber dependent. The developed finite element model was validated by
comparing with experimentally observed stress-strain behavior from the literature [8].
The experimental data had a maximum stress of 1198 MPa and a failure strain of 0.63%.
The predicted stress-strain curve showed brittle behavior in comparison to experimentally
observed data. The deviation of predicted failure stresses and strains from experimental
data was found to be 4.7% and 9.5%, respectively. This difference is assumed to be
attributed to any voids or defects present in the tested specimens.
The stress-strain behavior of the composite is influenced by Weibull strength and
shape parameters. Among the parameters used for fiber and matrix, the Weibull strength
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of the matrix was often discussed in the literature [5-7]. The effect of this parameter on
the stress-strain behavior was evaluated in this study. Table 1 gives the baseline value
(278 MPa) of Weibull strength for the matrix. Two other values, 225 MPa and 175 MPa,
were used to study the effect and were then compared against baseline results. Figure 16
shows the stress-strain behavior of the composite at three different Weibull strengths.
Matrix modulus and Weibull shape were left unchanged. With the decrease in Weibull
strengths, a brittle (low failure strain) to tough (high failure strain) transition was
observed. This behavior was in good agreement with the results presented by Curtin et al.
[6]. As predicted, matrix cracking was saturated at lower stress levels when compared to
the baseline value, and the fiber dominance of failure strain was more realized. At a
Weibull strength of 225 MPa, the failure strength was reduced by 4.07%, and failure
strain increased by 3.51%. Similarly, for a Weibull strength of 175 MPa, the failure
strength was reduced by 8.56%, and failure strain increased by 17.54%.

6. CONCLUSIONS

A new algorithm was developed to generate statistically equivalent RVE models.
The fiber/matrix interface was explicitly defined in these models. The elastic and damage
properties of fiber, matrix, and interface of a unidirectionally reinforced SiC/SiC f
composite were used in the study. Elastic properties of the unidirectional composite were
estimated using the developed RVE models and validated using an analytical model. The
deviation of predicted longitudinal Young’s modulus and Poisson’s ratios from analytical
results was less than 3%. The longitudinal and transverse shear moduli varied by 5.8%
and 7.7%, respectively. The transverse Young’s modulus had a maximum deviation of
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8%. The predicted longitudinal Young’s modulus was also compared with an
experimentally observed value from the literature and was off by 3.23%, while the
analytical model was off by 5.61%. A damage model was developed and integrated with
the RVE model using a user-material subroutine. Weibull probability of failure was used
to account for the distribution of strengths in brittle fiber and matrix materials. The stress
vs. strain behavior of a composite under a uniaxial tensile load was predicted using the
damage model. The finite element results were validated using the stress vs. strain
experimental data from the literature. The predicted failure stresses and strains varied
from the experimental data by 4.7% and 9.5%, respectively. The effect of matrix Weibull
strength on stress vs. strain behavior was studied. A brittle (low failure strain) to tough
(high failure strain) transition was observed when the Weibull strength parameter was
reduced.
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Table 1 Material properties used in finite element simulations
Weibull

Weibull

Strength

Shape

Parameter

Parameter

0.21

1217 MPa

6.3

6.5

-

404 GPa

0.16

278 MPa

4.6

µm
-

-

35 GPa

0.23

-

-

-

2.5 MPa

Young’s

Poisson’s

Modulus

Ratio

SiC fiber

354 GPa

SiC matrix
PyC interface

Materials

Interface
Radius

Shear
Strength
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Table 2 Predicted elastic constants from finite element modeling of statistically
equivalent RVE
RVE

(GPa)

(GPa)

(GPa)

(GPa)

1

364.03

336.07

0.186

0.196

143.35

140.45

2

360.32

331.33

0.188

0.199

141.34

138.18

3

360.49

332.06

0.188

0.198

141.31

138.55

4

362.73

333.89

0.187

0.197

142.46

139.45

5

358.18

329.78

0.189

0.199

140.48

137.51

6

365.11

336.93

0.185

0.195

143.52

140.94

7

358.82

330.86

0.189

0.198

140.80

138.05

8

364.34

335.16

0.186

0.196

143.24

140.10

9

356.57

328.43

0.190

0.199

139.66

136.89

10

364.29

335.25

0.186

0.196

143.43

140.11

11

359.34

330.87

0.188

0.198

140.89

138.02

12

361.60

332.16

0.187

0.198

141.87

138.62

Mean

361.32

332.73

0.187

0.197

141.86

138.91

Standard
deviation

2.796

2.685

0.002

0.001

1.317

1.278
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Table 3. Comparison of predicted elastic constants with an analytical model
Elastic Constants
(GPa)
(GPa)

(GPa)
(GPa)

Current Model

Chamis Model [26]

361.32

2.796

369.64

332.73

2.685

361.81

0.188

0.002

0.193

0.198

0.001

0.202

141.73

1.317

150.56

138.77

1.278

150.56
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Matrix Crack

Interface Debond

Fiber breakage

Fiber pull-out

Figure 1 Mechanics of failure in a CFCC
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Step 3

Statistically Equivalent RVE

Figure 2 Flow chart for generating a statistically equivalent RVE
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Figure 5 Finite element model of RVE
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x3 = -n
x3 = n

x1 = -l
x1 = l

x2 = m

x2 = -m

Figure 7 Geometric configuration of statistically equivalent RVE
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u1 = 0
u2 = 0

u3 = 0

u3 = 0

u1 = 2l

u2 = 0

Figure 8 Displacement boundary conditions for computing first column of stiffness tensor
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u2 = 2m
u1 = 0
u3 = 0

u3 = 0
u1 = 0

u2 = 0

Figure 9 Displacement boundary conditions for computing second column of stiffness
tensor
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u1 = 0
u2 = 0

u3 = 0

u1 = 0
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Figure 10 Displacement boundary conditions for computing third column of stiffness
tensor
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u1(x1 = -l) = u1(x1 = l)
u2 = 0
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u1(x1 = l) = u1(x1 = -l)

Figure 11 Displacement boundary conditions for computing sixth column of stiffness
tensor
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Figure 12 Randomly generated probabilities in fiber and matrix elements
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Figure 13 Transverse cross-sections of statistically equivalent RVE finite element models
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Figure 14 Stress distribution in RVE corresponding to different loading conditions for
computing the stiffness tensor
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Figure 15 Comparison of longitudinal stress-strain behavior of the composite predicted
by the developed finite element model and experimental results from literature [8]
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Figure 16 Effect of matrix Weibull strength on stress-strain behavior of the composite
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ABSTRACT

The failure behavior of a continuous fiber-reinforced ceramic matrix composite
(CFCC) is studied by the example of a unidirectionally reinforced composite. A multiscale modeling framework is developed for evaluating damage at the micro-level. An
actual fiber/matrix topology, based on a microstructure image, is used at the micro-level.
Finite element mesh of the microstructure is generated using a object oriented finite
element analysis tool. An extended finite element method, integrated with cohesive
damage modeling, is used to study crack propagation in the microstructure. Finite
element model validation using a baseline case study is discussed. The effect of cohesive
parameters of individual phases on stress-displacement behavior in the micromechanical
model is studied. Cohesive parameters, cohesive strength and fracture energy, of the
micromechanical model are estimated from constituent properties.

1. INTRODUCTION

The microstructure of a material controls its physical and mechanical properties
[1]. Several analytical and numerical techniques have evolved to predict the behavior of
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multiphase materials. Analytical models provide reasonable estimate of material behavior
but, are applicable for simple phase configurations. Several micromechanical models
have been developed over decades to predict the macromechanical behavior of the
material. Often these methods are integrated with finite element simulations to extend the
realm of problems that can be modeled, but these models rely on simplifying assumptions
about the geometry/distribution/orientation of the microstructure. A novel approach
alternative to these traditional methods is image-based finite element analysis of
microstructures wherein, finite element mesh is generated directly on the microstructure
of the material followed by subsequent analysis using the same microstructure mesh
domain. A object oriented finite element analysis (OOF) tool has been developed by few
researchers at the Center for Theoretical and Computational Material Science, National
Institute of Standards and Technology (NIST) to predict the material behavior and
multiple other purposes using experimental/simulated microstructures [2-5]. OOF has
been used to predict the thermal/mechanical behavior of a material by several
investigators. Chawla et al. [1] have implemented OOF to predict elastic and material
constants of two examples case studies – silicon carbide particle-reinforced aluminum
matrix composites and double-cemented tungsten carbide particle-reinforced cobalt
matrix composites. Levis and Geltmacher [6] have developed a three-dimensional spatial
reconstruction of an austentic steel microstructure and incorporated the image into OOF
to study the mesomechanical response. Goel et al. [7] have used OOF to investigate the
longitudinal elastic modulus of glass fiber/polypropylene thermoplastic composite. The
authors have compared the numerical results using the developed model with those of
experimental results and results from other models. The authors have also concluded the
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significance of taking microstructural parameters into account for accurate prediction of
modulus. Dong and Bhattacharyya [8] have implemented OOF for predicting the tensile
properties of polypropylene/organoclay nanocomposites using the images from scanning
electron microscope (SEM) and transmission electron microscope (TEM). The authors
have also compared their results with experimental and theoretical composite models.
Bakshi et al. [9] have estimated the overall elastic modulus of spark plasma sintered
tantalum carbide using a technique called scan-and-solve and compared their results with
OOF.
The failure analysis of heterogeneous materials, accounting for damage initiation
and evolution, has ben explored by many researchers [10-16]. Advanced numerical
methods have been developed to introduce an arbitrary discontinuity in the models for an
effective analysis of material failure [16-19]. Cohesive damage models, based on
traction-separation laws, were developed for simulating damage initiation and evolution.
However, cohesive models require prior knowledge of crack paths. Numerical methods
on treating arbitrary cracks without any prior knowledge of crack paths were first
developed by Belytschko et al. [15, 18, 19, 20]. Crack tip enrichments were introduced
for enhancing the nodal degrees of freedom, for effective description of element
discontinuity displacement. This method is called as the extended finite element method
(XFEM).
In this study, a multi-scale framework based on XFEM and OOF was developed
to study failure behavior in a microstructure. OOF was used to generate a finite element
mesh of the microstructure. The paper is organized as follows. Finite element mesh
generation of a microstructure is detailed in Section 2. Theoretical background on XFEM
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and the multi-scale framework are described in Section 3. Results are discussed in
Section 4.

2. DOMAIN DISCRETIZATION OF MICROSTRUCTURES USING OOF

2.1 OOF framework for domain discretization
The domain discretization scheme used in OOF for generating finite element
mesh of a CFCC microstructure is shown in Figure 1. This procedure will enable
clustering of various material phases or classify grains from their boundaries, and thereby
make the discretized image useful for further analysis using numerical simulations. The
starting point in the discretization scheme is a gray-scale image. Each pixel of the image
has a different gray level and the goal of domain discretization is to group pixels with
similar intensities. Pixel selection is conducted by selecting an arbitrary pixel, and pixels
with similar gray levels are highlighted for forming groups. In the ‘microstructure’ step
the image is segmented by classifying the individual phases. After creating the
microstructure, material properties can be assigned to each pixel or individual phases.
The next step is to create a finite element mesh skeleton. In this step, the element type
required (quadrilateral/triangular) and their positions can be specified. Using appropriate
element refinement methods and node motion, a finite element mesh with good
representation of associated geometry can be obtained. A skeleton is, however, not a
complete finite element mesh as it contains no information about the finite element
interpolation functions. Once a good mesh representation is obtained, an actual finite
element mesh can be created from the skeleton. This step adds physics and math to the
skeleton and a fully functional finite element mesh is created, which can be transferred to
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Abaqus v.6.12 for further study. The algorithms used for image segmentation are beyond
the scope of this paper and are discussed elsewhere.
2.2 Finite element mesh generation of a microstructure
OOF was used to generate finite element mesh of a microstructure image
consisting of 1452 pixel x 1452 pixel. Figure 2 shows the SEM image of a unidirectional
composite microstructure.
The light and dark regions represent different material phases. The darker phase
with circular regions corresponds to a ceramic fiber and the lighter phase is a ceramic
matrix. These individual phases were clustered into separate pixel groups using the OOF
framework as outlined in section 2.1. For the finite element mesh skeleton, the
parameters used were - maxscale = 60 pixels, minscale = 20 pixels, and threshold = 0.9
[2]. The microstructure was coarse meshed with quadrilateral elements and mesh size
was refined iteratively using various routines – refine, snap nodes, and snap refine, to
create a quality mesh conforming to material boundaries. Figure 3 shows the finite
element mesh of the microstructure obtained using the above discretization scheme.
Two element functionals, shape energy and homogeneity energy, were used to
quantify the quality of mesh generated. The former measures the quality of the shape of
elements while the latter measures mesh compliance with boundaries. A mesh is
considered to be of good quality if the summation of the weighted average of functionals
is low. The shape energy functional (
calculated for quadrilateral elements using,

) favors low aspect ratio elements and was
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Where,
with minimum

is the quality measured at each corner,
,

is the

measured at opposite corner,

parallelogram formed by two edges adjacent to a corner,
adjacent sides to a corner, and

and

is the area of
are lengths of the

= 10-5 is an arbitrary parameter.

The homogeneity functional (

Here,

corresponds to a corner

) was calculated using,

is the fraction of area of an element that conforms to material , and

is

the area of element. The weighted sum of the two functionals gives effective element
energy,

Where,

is an adjustable parameter and 0.5 is the value used in this work [2].

3. XFEM BASED MULTI-SCALE MODELING FRAMEWORK

3.1 XFEM method
The XFEM method is an effective numerical approach for discrete crack
modeling problems, and is based on Galerkin and partition of unity concepts [10, 11].
This method involves local enrichment of approximation spaces, which becomes
particularly useful for approximating solutions of computational domains with
discontinuities and singularities. A discontinuity is defined here as a high gradient in a
field quantity, in a local domain. In solids, these discontinuous field quantities are
typically stresses/strains or displacements, due to

interfaces or cracks. Using local
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enrichment, XFEM allows to model discontinuities in element interiors thereby not
requiring to a priori define a mesh conforming to crack boundaries. Conventional finite
element approaches often result in low convergence rates and exhibit poor accuracy in
modeling these problems.
To understand how an enrichment function is added to the finite element
approximation, a simple crack domain is considered as shown in Figure 4(a).
The objective is to represent the mesh in Figure 4(a) (Mesh A) using the mesh in
Figure 4(b) (Mesh B). The finite element approximation for Mesh A is given by,

Where,

and

node . Two parameters,

and

are shape function and displacement vector, respectively, at
and

, are defined using,

can be expressed in terms of

and

as,

The terms

and

in Equation (8) are replaced in Equation (6) to get,

Where,

is a discontinuous jump function defined as,
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Now,

in Mesh A can be replaced by

can be replaced by

in Mesh B. Similarly,

. Accordingly, the finite element approximation for

Mesh B is given by,

The first two terms on the right-hand side of Equation (11) correspond to a
standard finite element approximation and the third term is discontinuous enrichment.
This equation is equivalent to a standard finite element approximation for Mesh B with
an additional discontinuous enrichment term. Similar to the discontinuity enrichment,
XFEM approximation uses a crack tip enrichment term. Figure 5 shows the nodal
enrichment representation (discontinuity and crack tip) in a crack domain.
Overall, the XFEM based enriched finite element approximation is generalized and is
given by,

Here,

is the shape function,

function or disconuity function,

is the displacement vector,

is the crack tip enrichment function,

is the jump
and

are

nodal enriched degree of freedom vectors corresponding to discontinuous enrichment
function and crack tip enrichment function respectively. The standard finite element
approximation is applicable for all the nodes ( ) in the model, crack tip enrichment
function is applicable for set of all nodes (

) with shape function supports cut by crack
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tip, and discontinuity enrichment function is for set of all nodes (
cut by crack interior (excluding the nodes in

) with shape function

).

3.2 Multi-scale modeling approach
The

multi-scale

configuration

used

in

this

study for

analyzing the

micromechanical fracture behavior is shown in Figure 6. The specimen configuration
corresponds to a tensile specimen with no pre-crack and plain strain conditions were
assumed. This framework integrates the homogeneous material and mechanical loading
at global level with the fracture mechanism in a heterogeneous material at local level.
The global model includes controlled loading and specimen geometric configuration. The
local model constitutes explicit representation of phases in a microstructure. While the
global model utilizes elastic properties only, elastic properties and damage parameters
(cohesive strength and fracture energy) were used for modeling the microstructure
constituents.
The failure behavior in the microstructure was modeled using the XFEM
approach. Damage evolution is the critical part of modeling failure in the microstructure
region. In this study, a cohesive damage modeling based approach was used. A bilinear
traction-separation law (Figure 7) was used for modeling the damage evolution. The
traction-separation law is characterized by a peak traction ‘
critical separation ‘

’ corresponding to a

’, and finally by a maximum separation parameter ‘

’. In this

work, the peak traction parameter corresponds to maximum nominal stress of the material.
When the traction stresses are integrated over the separation, the resultant is the energy
dissipated ‘ ’ during failure.
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4. RESULTS AND DISCUSSION

4.1 Model validation using a baseline case study
The baseline case is a representative volume element (RVE) of a ceramic matrix
composite under transverse tensile loading [10]. The authors in this work have developed
an approach to estimate the ply level strength and toughness as a function of its
microstructural attributes (fiber, matrix, and interface). The authors have implemented an
augmented finite element technique for simulating arbitrary cracking in the ceramic
matrix, and proposed augmented cohesive zone elements for modeling the fiber/matrix
interface. The RVE developed by the authors had circular fibers of 10 µm diameter and
fiber volume fraction was 50%. In the current study, the finite element mesh shown in
Figure 3 is used as the RVE instead of randomized fiber geometry assumed by the
authors. This microstructure has a fiber volume fraction of 44.71%. Table 1 shows the
material properties of constituent phases, as used in the baseline study.
The model was developed in a commercial finite element code – Abaqus v.6.12
[21]. Typically, fiber failure under a transverse tensile load is not observed due to weak
interfaces. Accordingly, the crack propagation was modeled only in matrix and interface
and the XFEM enrichment was active in these phases only. Under transverse tensile
loading, multiple crack initiation and propagation were observed. A discussion on the
crack propagation is provided in the next sub-section for a composite microstructure. The
stress-displacement behavior was modeled for this baseline case and compared with the
results provided by Fang et al. The stress vs. displacement behavior of the RVE was
estimated from elastic and fracture parameters of constituent phases, as shown in Figure 8.
The predicted results had a higher initial stiffness as observed from the slope of the curve.
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The peak stress and displacement were predicted to be lower as compared to the baseline
result. The area under the stress vs. displacement curves was calculated and a variation of
12.66% in the estimated fracture energies was observed. This difference was assumed to
be due to multiple factors – range of fiber diameters in the microstructure, fiber packing,
and fiber volume fraction.
4.2 Failure analysis of a composite microstructure
The validated model was extended to a unidirectionally reinforced composite
microstructure. Figure 9 shows the multi-scale model developed for studying the failure
behavior in a composite microstructure. The global model and the local model were
discretized using a 4-node bilinear quadrilateral element (CPE4). The global model had a
total of 19200 elements, while the local model had 90,000 elements. A transverse tensile
load was applied on the global model. The local model was modeled as a sub-model i.e.
loads applied on the global model are transferred to the local model through the ‘driven
nodes’ (on the local model). This methodology also ensures that boundary conditions for
a RVE are automatically satisfied through the multi-scale modeling approach. Using the
XFEM method, crack initiation and propagation are studied in the local model. Table 2
shows the material properties of the constituent phases, required for the numerical
simulation. Similar to the baseline study, the failure of matrix and interface is governed
by a traction-separation law. The XFEM enrichment was applied for matrix and interface
elements only.
Due to the applied transverse tensile load, multiple crack initiation was observed
in the matrix. Figure 10 shows the formation of matrix cracks in the local model. It was
observed that the matrix cracks have initiated in the locations with high fiber packing
density. Similar observation of crack initiation was made by Fang et al. [10]. The
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discontinuities in these locations indicates crack initiation phase i.e. damage initiation
criterion was satisfied in the traction-separation law (Figure 7). The evolution of these
cohesive cracks into a complete crack depends on building up of local stresses. With an
increase in applied stress, more cracks were initiated and propagated, leading to
establishment of a complete crack.
The influence of cohesive parameters of the fiber/matrix interface and matrix on
the predicted stress-displacement behavior (traction-separation) of a RVE was evaluated.
The effect of interface strength was evaluated at three strength levels – 10 MPa, 30 MPa,
and 50 MPa (Figure 11). It was observed that the strength of the RVE increases with
increase in interfacial strength. The strength of the RVE almost doubled by increasing the
interface strength from 10 MPa to 50 MPa. This increase was due to increase in load
transfer between the fiber and matrix at higher interface strength. The area under the
curves was calculated for evaluating the fracture energy. The fracture energy of the RVE
increased by 14.58% by increasing the interface strength from 10 MPa to 50 MPa. In the
work conducted by Fang et al. [10], a maximum increase in RVE cohesive parameters
was observed by increasing the interface strength.
Figure 12 shows the influence of interface toughness on the observed stressdisplacement behavior. The interface toughness was evaluated at two levels – 2 J/m2 and
5 J/m2. These values were selected based on the range of interface toughness values
provided in the technical literature [22]. Due to the increase in interface toughness, there
was no significant change of RVE parameters, as compared to the interface strength. The
fracture energy of the RVE increased by 4.16% by increasing the interface toughness.
Similar to the interface, the cohesive parameters of matrix were evaluated. The matrix
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strength had no significant impact on the RVE parameters. However, increasing the
fracture energy resulted in a increase in critical displacement on stress-displacement
curve.

6. CONCLUSIONS

In this study, a multi-scale modeling framework was developed for studying the
failure behavior of a CFCC. Finite element mesh was generated for an actual
microstructure image of a unidirectionally reinforced composite. XFEM method was
integrated in to the multi-scale framework to simulate crack propagation in the
microstructure. The developed model was validated by comparing with a baseline case
study from technical literature. The effect of cohesive damage modeling parameters of
matrix and interface on the predicted stress-displacement behavior of the RVE was
evaluated. The interface strength had the maximum effect on the cohesive parameters of
the RVE. There was a 14.58% increase in RVE’s fracture energy and the cohesive
strength doubled by increasing the interface strength from 10 MPa to 50 MPa. Increasing
the interface fracture energy had increased the RVE’s fracture energy by 4.16%. The
cohesive parameters of matrix had minimal impact on the RVE’s parameters. The multiscale framework developed in this study can be extended to a ply-level damage model.
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Table 1 Material properties of constituent phases of a ceramic matrix composite [10]
Modulus

Poisson’s
ratio

Cohesive
strength

Fracture energy

Ceramic
matrix

200

0.35

150

20

Ceramic fiber

40

0.3
10

10

Material

Fiber/matrix
interface
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Table 2 Material properties of constituent phases in a SiC/SiCf ceramic composite [22]
Modulus

Poisson’s
ratio

Cohesive
strength

Fracture energy

SiC matrix

350

0.21

300

2

SiC fiber

270

0.2

2800

20

10

2

Material

Interface
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Figure 1 Domain discretization scheme using OOF
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Figure 2 SEM microstructure image of a CFCC
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Matrix
Fiber

Interface

Figure 3 Finite element mesh of the microstructure

116

(a)

(b)

Figure 4 Finite element mesh: (a) with a crack, (b) without a crack (enrichment)
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Figure 5 Nodal enrichment around crack tip and crack interiors
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Figure 6 Multi-scale framework used in the analysis
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T
Tmax

φ

δcrit

δsep

Figure 7 Traction-separation law for modeling damage evolution

δ
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Figure 8 Comparison of predicted stress vs. displacement behavior with baseline results
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Figure 9 Multi-scale model for failure study in a CFCC
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Figure 10 Matrix crack initiation

123

Figure 11 Effect of interface strength on traction-separation behavior in a RVE
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Figure 12 Effect of interface toughness on traction-separation behavior in a RVE
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SECTION

4. CONCLUSIONS

The work performed in this dissertation provides a valuable procedure for
developing a multi-scale framework for comprehensive damage study of CFCCs.
The first paper provides numerical models to study the load-displacement
behavior during fiber pull-out in continuous fiber reinforced ceramic composites. Two
numerical models are developed – an axi-symmetric finite element model based on a
cohesive damage modeling approach integrated with frictional contact, and an artificial
neural networks (ANN) model. Both the models were validated using an analytical model.
The ANN model was trained and tested using the analytical model and finite element
model. The ANN model has shown good potential in near-accurately predicting the loaddisplacement behavior. With the availability of a larger data set of experimental results,
the ANN model can be trained rigorously to capture the intricate details from
experimental observations which otherwise are difficult to analyze using analytical
models. For the material system considered in this study, the debond initiation load was
observed to be high enough to completely debond the interface without an increase in
load.
The second paper provides a detailed study of mechanical behavior in a CFCC
using the representative volume element (RVE) approach and damage models. In this
study, a new algorithm was developed to generate the statistically equivalent RVE
models. Fiber/matrix interface was explicitly defined in these models. Elastic properties
of the unidirectional composite were estimated using the developed RVE models and
validated using an analytical model. A damage model was developed and integrated with
the RVE model using a user-material subroutine. Weibull probability of failure was used
to account for scattered strength distribution in brittle fiber and matrix materials. The
stress vs. strain behavior of composite under a uniaxial tensile load was predicted using
the damage model. The finite element results were validated using the stress vs. strain
experimental data from literature. The brittle (low failure strain) to tough (high failure
strain) transition of the composite was studied. The models developed in this study can be
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extended to generate multiscale damage models which can integrate geometries and
loading at macro level to failure analysis at microstructural level.
In the third paper, a multi-scale modeling framework was developed for studying
the failure behavior of a CFCC. Finite element mesh was generated for an actual
microstructure image of a CFCC. XFEM method was integrated in to the multi-scale
framework to simulate crack propagation in the microstructure. The effect of cohesive
damage modeling parameters of matrix and interface on the predicted stress-displacement
behavior of the RVE was evaluated. The multi-scale framework developed in this study
can be extended to a ply-level damage model.
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